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ABSTRACT: The effect of initial chain length before cross-linking and sulfur/accelerator amount during
curing of natural rubber samples on network parameters (effective chain density, gel fraction, amount of
chain ends, entanglement density, trapping factor, and relaxation and correlation times) is investigated
by means of proton NMR relaxation, equilibrium swelling, and stress-strain analysis. Remarkable
differences are observed in the two sample series depending on the variable initial molar mass. The
stress-strain data are evaluated with respect to a non-Gaussian tube model of rubber elasticity that
considers the finite extensibility of network chains by referring to the path integral approach of Edwards
and Vilgis (Rep. Prog. Phys. 1988, 51, 243; Polymer 1986, 27, 483). According to several experimental
indications, we assume a nonaffine tube deformation law as first derived by Heinrich et al. (Adv. Polym.
Sci. 1988, 85, 33). The NMR relaxation data are analyzed by considering three types of chains (gel, sol
and chain ends). The best fit is obtained by assuming an anisotropic motion of the inter-cross-link chains
and chain ends. The swelling data are analyzed by assuming phantom like chains. Within the framework
of experimental errors, the network parameters evaluated from the three experimental techniques show
fair agreement for both sample series.

1. Introduction
Considerable progress has been obtained in the past

in relating the structural parameters of polymer net-
works to the elasticity properties of rubber vulcan-
izates.1-6 This is achieved by considering the various
network defects and other deviations of real polymer
networks from an ideal network structure. Typical
network defects are inelastic, dangling chain ends or
closed loop structures. Further deviations from an ideal
network structure are due to topological constraints or
entanglements of chains that may also be trapped
between successive cross-links. The amount of trapped
entanglements as well as network defects in general
depends on the extent of cross-linking and on the initial
molar mass of the polymer before cross-linking.

The classical theory of rubber elasticity is commonly
referred to an ideal network structure. It is founded on
a random flight statistics of the undeformed chains of
a polymer network. In the limit of infinite long chains,
it yields a Gaussian distribution function for the end-
to-end distance of the network chains. The retracting
force of a deformed network is then calculated from the
change of the free energy of the chains that results from
the deviation of the mean end-to-end distance of the
chains from is most probable value. In the classical
theory of rubber elasticity, the deformation-dependent
part of the free energy of a bulk polymer network is
estimated by assuming freely fluctuating, so-called
phantom chains that can pass through their neighbors.
Topological constraints of a single chain resulting from

the surrounding chains (packing effects) are neglected
and only cross-link constraints are considered. Though
this concept is somewhat unrealistic, it already yields
the basic features of rubber elasticity, e.g., the high
extensibility of polymer networks and the characteristic
temperature dependency of the retracting force that
increases with increasing temperature.1-6

In a more realistic approach, one has to take into
account that real network chains have a finite length
and that fluctuations in a bulk polymer network are
strongly suppressed due to topological constraints.1-3

The finite chain length can be considered by referring
to the inverse Langevin approach6,7 or the path integral
formulation of a non-Gaussian chain statistics as de-
rived, e.g., by Edwards and Vilgis.2 Topological con-
straints acting on the cross-links were considered, e.g.,
by Kästner4 or Flory and Erman.5 This was an impor-
tant step in explaining the phenomenological C2 term
of the Mooney-Rivlin equation on a molecular level.
However, in this first attempt topological constraints
were assumed to act on the cross-links alone that were
supposed to fluctuate nonisotropically in a strained
network, giving rise to an additional deformation-
dependent term of the free energy. The application of
the path integral formalism of quantum mechanics8 for
a formulation of entropy elasticity by Edwards2,3,9

allowed us to extend this concept of nonisotropic fluc-
tuations to all chain segments of the network via
constraining virtual tubes around the network chains.
The deformation of these tubes in a strained network
and its effect on the free energy is considered in various
tube models of rubber elasticity.1-3,9

Solid-state NMR relaxation experiments may provide
an advantageous method for the analysis of polymer
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network structures. A lot of progress has been made in
the field of elastomer characterization using transverse
NMR relaxation.12,36,38 The application of this type of
relaxation experiments is based on the high sensitivity
of the relaxation process to chain dynamics involving
spatial-scale chain motions at temperatures well above
the glass transition temperature Tg. Since the polymer
chain motion is strongly coupled to the elastomeric
structure, chemical information can be obtained by this
method in a very sensitive manner. For elastomers well
above the glass transition temperature Tg (T > Tg +
120 K), the presence of topological constraints and
permanent cross-links leads to a nonzero average of the
homonuclear and heteronuclear dipolar couplings, which
results in a solidlike NMR relaxation behavior.

For polymer networks, this results in typical decays
of the transverse NMR magnetization which contains
information about network characteristics such as cross-
link density and fractions of network chains and defects
such as dangling chain ends. This was already shown
for a lot of different rubbers.10-16 Despite a large number
of studies dealing with the determination of the total
cross-link density in elastomers by NMR methods, there
is still a lack of knowledge about the effect of temporary
and trapped entanglements on the network density. In
the present paper, the NMR results are critically
discussed in relation to theoretical approaches and
mechanical and swelling investigations. They are com-
pared to the network parameters obtained from the
elasticity properties of the bulk networks. These are
evaluated by referring to the tube model of Heinrich et
al.1 that is extended according to the approach of
Edwards and Vilgis2 to allow for the consideration of
finite chain extensibility. The basic concept of this
extended tube model of rubber elasticity is described.
Within this framework, we focus on the consideration
of trapped entanglements and dangling chain ends. For
experimental investigations we refer to a variety of
cross-linked natural rubber (NR) samples that differ in
cross-linking density and initial molar mass before
cross-linking.

2. Theoretical

2.1. The Extended Tube Model of Rubber Elas-
ticity. The path integral formulation of rubber elasticity
considers the configurations of chains by space curves
R(s), where s is the arc length of the chains. The local
topological constraints acting on the chains in bulk
polymer networks are considered by a harmonic poten-
tial that forces the chain to remain in a virtual tube
around its mean position R̂(s). The probability distribu-
tion of R(s) relative to the mean position R̂(s) can be
expressed as1-3

Here, const is a normalization constant, L ) nls is the
contour length of the chain, n is the number of statistical
segments of length ls and Ωo is a scalar measure of the
strength of topological constraints. The random walk
behavior of the chains is characterized by the (Gaussian)
distribution function that is given by the first term of

eq 1, while the second term considers the tube con-
straints. The constraint parameter Ωo scales with the
inverse cross section of the tube, i.e., Ωo ∼ do

-2, where
do is the tube radius (mean fluctuation radius) in the
undeformed state. The tube radius is assumed to scale
with the mean spacing of successive chain entangle-
ments.

In a strained polymer network fluctuations of chain
segments are generally considered to be nonisotropic.
This can be taken into account by introducing vectorial
tube dimensions, dµ, in direction of the principal axis
of the deformation tensor. By assuming that the con-
straining potential is diagonal in the main axis system
and that the mean configuration R̂(s) transforms af-
finely under external deformations, one obtains1-3

where λµ is the deformation ratio in direction µ of the
main axis system. From eq 1, one now obtains the
distribution function of a strained polymer network with
nonisotropic fluctuations of chain segments if addition-
ally the chains are assumed to be coupled permanently
at joint positions. Such random cross-link points at joint
positions R(si) ) R(si′) can be considered in the path
integral eq 1 by a product of Dirac’s δ distribution
functions over all cross-links i ) 1, ..., M. It yields for
the probability distribution function of a strained net-
work

Note that the integration of eq 3 is performed over the
whole network of contour length L̂ ) NcL, where Nc is
the number of network chains. A deformation-dependent
distribution function is finally obtained if the lateral
tube dimensions dµ that enter into eq 3 are considered
as a function of strain. On length scales larger than the
cross-link spacing, the network transforms affinely.
Accordingly, one might think that the tubes deform
affinely, as well. However, a closer examination of tube
deformations has shown that a nonaffine deformation
is realized in highly entangled systems:

The exponent ν takes the value ν ) 1/2 and not ν ) 1
as in the case of affine deformations. This was first
demonstrated by a self-consistent solution of eq 2 with
the distribution function eq 31,17-20 and later on was
predicted also by using scaling arguments.20,21 The loss
of affinity of the tube dimensions in a strained network
results from the fact that part of the chains on length
scales below the entanglement length are in an equi-
librium state that can be referred to the first relaxation
process in the Doi-Edwards terminology.22 Experimen-
tal evidence for the nonaffine tube deformation law eq
4 is given by stress-strain measurements performed
at swollen rubber samples23 and neutron scattering of
strained rubbers.24

ψ[R(s), R̂(s)] ) const ×

exp{- 3
2ls

∫0

L
ds( ∂R

∂s )2
-

lsΩo
2

6 ∫0

L
ds(R(s) - R̂(s))2}

(1)

dµ ≡ 〈(Rµ(s) - λµR̂µ(s))2〉1/2 µ ) 1, 2, 3 (2)

ψ ) const × exp{- ∫o

L̂
ds( 3

2ls (∂R

∂s )2

+

∑
µ)1

3 ls

dµ
4
(Rµ(s) - λµR̂µ(s))2)} ∏

i)1

M

δ(R(si) - R(si′)) (3)

dµ ) doλµ
ν µ ) 1, 2, 3 (4)
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By averaging the canonical partition function for a
given network topology, i.e., a set of cross-links and
mean tube conformations R̂(s), over all possible topolo-
gies the elastic free energy density can be derived from
the distribution function of the network eq 3 together
with the tube deformation law eq 4. Then, by performing
the deformation-dependent thermodynamic aver-
age1-3,17-20 one obtains in the case of highly entangled
networks with strong topological constraints (do

2 , Lls)
the elastic free energy density:1,17-20

Here, Gc is the elastic modulus that corresponds to the
cross-link constraints, and Ge is related to the topologi-
cal tubelike constraints:

The quantity νmech denotes the mechanically effective
chain density, Ac is a microstructure factor, F is the mass
density, NA is the Avogadro number, Ms is the molar
mass of the statistical segments, kB is the Boltzmann
constant, and T is temperature. The microstructure
factor Ac considers the fluctuation of cross-links. It
equals Ac ) 1 for total suppression of cross-link fluctua-
tions and Ac ) 1/2 for freely fluctuating tetrafunctional
cross-links (phantom networks). For a given fluctuation
radius dc of the cross-links, it can be expressed by the
error function erf (x) as follows4

with

〈Rc
2〉 ) Lls is the average end-to-end distance of inter-

cross-link chains in the underformed state. For a
derivation of eq 8 compare also ref 25.

The tube model considered so far applies for a
network structure with monodisperse chains that all
contribute to the elasticity properties to an equal
amount. For such an ideal network with tetrafunctional
cross-links, the mechanically effective chain density
νmech equals twice the density of cross-links µc (νmech )
2 µc ) νc). In the case of nonideal networks, the presence
of defects like dangling chain ends, trapped entangle-
ments, closed loop structures and a polydisperse chain
length distribution lead to significant deviations of νmech
from its ideal value νc, i.e., the inter-cross-link value.
In the literature, different estimates have been proposed
to account for the defects of real networks.6,16,19,20,25-30

The effect of dangling chain ends is often considered
according to an approach due to Mullins:26

It involves the number molecular weight Mn of the
polymer chains before cross-linking. The correction term
in eq 10 corresponds to the consideration of a gel point
νc* ) 2µc* ) FNA/Mn of the network, i.e., the amount
of cross-links necessary to connect all initial chains of
the un-cross-linked system to a gel.

The additional influence of trapped entanglements on
the density of mechanically effective chains was con-
sidered in a semiempirical manner by Mullins,26 as well.
By referring to the different fluctuation behavior of
cross-links and entanglements, it can be expressed as
follows:25,28

Here, Te is the trapping factor of entanglements (0 <
Te < 1) that is also termed Langley trapping factor.27

The quantity νe denotes the density of chains between
successive entanglements that varies with the inverse
of the squared tube radius do.

Equation 10′ considers the combined effect of chain
ends and trapped entanglements on the mechanically
effective chain density. Ae is the microstructure factor
of trapped entanglements that considers the fluctua-
tions of trapped entanglements. It can be determined
from the fluctuation radius do of entanglements similar
to the estimation procedure for the cross-links in eqs 8
and 9.25 Due to the high mobility of trapped entangle-
ments one can conclude that do is significantly larger
than dc. Accordingly, the microstructure factor of trapped
entanglements can assumed to be well approximated
by the value Ae ) 1/2, which is the limiting value of eq
8 for large fluctuation radii. The microstructure factor
Ac is now related to the mean end-to-end distance of all
junctions, i.e., cross-links and trapped entanglements.
Hence the average 〈...〉 in eq 9 has to be performed over
both types of chains, which yields Ac ≈ 0.67, indepen-
dent of cross-linking density.25

The above concept of topological constraints in bulk
polymer networks has been developed in the Gaussian
limit of infinite long chains. For that reason the finite
extensibility of real polymer networks is not considered
and no singularity appears in the elastic free energy
density eq 5. A singularity can be obtained if, instead
of the Gaussian distribution function for the end-to-end
distance of network chains, a non-Gaussian chain
statistic, e.g., the inverse Langevin approximation, is
used.6,7,23,25,28,29 Following the line of previous pa-
pers19,20,23,25,28 we apply this modification for the cross-
link term Wc of eq 5, only, and treat the topological
constraint term We in the Gaussian limit. This simpli-
fication of the model is motivated by recent molecular-
statistical investigations of tube like network models
based on non-Gaussian network chains, which show
that the action of tube constraints becomes weaker in
the case of predominance of finite chain extensibil-
ity.2,31,32

In the framework of the path integral formulation of
rubber elasticity, the simplest way to obtain a singular-
ity for the free energy is a modification of the first term
of eq 1 as proposed by Edwards and Vilgis2

νmech ) (νc - νc*) +
Ae

Ac
νeTe (10′)

W ≡ Wc + We )
Gc

2
(∑
µ)1

3

λµ
2 - 3) + 2Ge(∑

µ)1

3

λµ
-1 - 3) (5)

Gc ) AcνmechkBT (6)

Ge )
FNAIs

2kBT

4x6Msdo
2

(7)

Ac ) 1
2

+ 1
π1/2(Kc exp(-Kc

2)

erf(Kc) ) (8)

Kc ) x6
dc

〈Rc
2〉1/2

(9)

νmech ) νc -
FNA

Mn
(10)
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where R′(s) ≡ ∂R(s)/∂s and R′′(s) ≡ ∂2R(s)/∂s2. A first
simplification of eq 11 is obtained by replacing R′(s) in
the denominator by its average in a self-consistent
manner.2 Furthermore, the second term of eq 11 with
R′′(s), ensuring the existence of the path integral, can
be omitted if rapid changes on small length scales are
smoothened out. This has been shown by Edwards and
Vilgis,2 who restricted the considerations to the level of
the primitive path (mean position R̂(s)). They showed
that it ensures the existence of the path integral eq 11
by damping the large fluctuation modes with wavenum-
ber k > ko. If the cutoff wavenumber is chosen as ko )
do

-1, then the primitive path is recovered.
Following the argument in ref 32, we chose the cutoff

wavelength here in an alternative way

where Te is the Langley trapping factor.27 It produces
a modified primitive path between trapped entangle-
ments, only, instead of all entanglements. It means that
rapid fluctuations on length scales below the mean
spacing of trapped entanglements are smoothened out.
Then, the mean value of (R′(s))2 is obtained as2,32

Here, the tube radius do is identified with the mean
spacing of successive chain entanglements (do ) lsne

1/2)
and ne is the mean number of statistical segments
between successive entanglements. The elastic free
energy is then found from eqs 11-13 with a modified
cross-link term of eq 5:2,32

Equation 14 considers the finite chain extensibility of
polymer networks together with topological tube con-
straints in the Gaussian approximation. In the limit ne
f ∞ the Gaussian formulation of infinite long chains,
eq 5, is recovered. The singularity of W is found for ne/
Te ) ∑λµ

2 - 3, where the cross-link term becomes
infinite. This corresponds to the situation that the
chains between successive trapped entanglements are
fully stretched out. This makes clear that the approach
in eqs 11-14 characterizes trapped entanglements as
some kind of physical cross-links (slip-links) that domi-
nate the extensibility of the network due to the larger
number of entanglements as compared to chemical
cross-links.

The engineering stress σo,µ relates the force fµ in
direction µ to the cross section Ao,µ in the undeformed
state. It is found from eq 14 by differentiation: σo,µ )
∂W/∂λµ. In the case of uniaxial extension with λ1 ) λ, λ2
) λ3 ) λ-1/2 this yields

In the limit of small strains, λ ) (1 + ε ) f 1 or ε f o,
and by assuming the Gaussian limit ne f ∞, one obtains
the Young modulus Eo from a Taylor expansion of eq
15:

This shows that the Young modulus is strongly influ-
enced by the deformation of the tubes, since the cross-
link- and topological constraint term, Gc and Ge, con-
tribute to equal amounts (see below).

2.2. Dipolar Residual Coupling and Proton NMR
Relaxation of Network Chains. It is well-known that
the decay of the transverse magnetization of nuclear
spins, induced by dipolar interactions, is an important
source of information about the dynamics of polymer
chains in a variety of physical conditions, e.g., in the
melt of entangled chains or in molecules cross-linked
in a rubber network. The NMR method is sensitive to
angular anisotropic segmental motion which is spatially
inhibited by chemical cross-links and topological hin-
drances. The persistence of angular correlations on the
time scale set by the residual dipolar interactions and
the presence of temporary or permanent constraints
(entanglements or cross-links, respectively) leads to a
nonexponential decay of the transverse magnetization.
The shape of the line broadening (“solidlike effect”)
visualizes the dynamic influence of these constraints.

The residual part of the dipolar interaction can be
described by the scaling concept. It was introduced in
1942 by Kuhn and Grün7 and was developed straight-
forward for NMR by Cohen-Addad33 and Gotlib34 in the
1970s and Brereton35 and Sotta and others36 in the last
few years. The starting point is the angular dependence
of the dipolar (or quadrupolar) interaction

whereby ∆ ) µ0γH
2h/(8π2r3) is the coupling strength.

Here, h is the Planck constant, µo is the magnetic
moment, and γH the proton gyromagnetic ratio. P2(cos
ϑ) represents the second Legendre polynomial, and ϑ is
the angle between the interaction vector r, connecting
the two protons, and the static magnetic field B0. For
an isotropic rigid lattice of spin pairs the result is
〈P2(cos ϑ))2〉 ) 1/5,37 and the second moment M2

rl )
〈(δω)2〉 can be calculated as13

ψ[R(s)] ) const ×
exp(- 3

2ls
∫o

L
ds( (R′(s))2

1 - (R′(s))2
+ γ(R′′(s))2)) (11)

ko ) Te
1/2/do (12)

〈R′2〉 ≈ (kols)
2 )

Te

ne
(13)

W )

Gc

2 {(∑
µ)1

3

λµ
2 - 3)(1 -

Te

ne
)

1 -
Te

ne

(∑
µ)1

3

λµ
2 - 3)

+ ln(1 -
Te

ne

(∑
µ)1

3

λµ
2 - 3))} +

2Ge(∑
µ)1

3

λµ
-1 - 3) (14)

σ0,1 ) Gc(λ - λ-2){ 1 - Te/ne

(1 -
Te

ne
(λ2 + 2/λ - 3))2

-

Te/ne

1 -
Te

ne
(λ2 + 2/λ - 3)} + 2 Ge(λ

-1/2 - λ-2) (15)

Eo ) lim
εf0

σ0,1

ε
) 3(Gc + Ge) (16)

δω(ϑ) ) ∆P2(cos ϑ) (17)

M2
rl ) 9

4
∆2 〈(P2(cos ϑ))2〉 ) 9

20
∆2 (18)
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In the case of a very fast anisotropic motion (ν .106

s-1) of a segment vector in the molecular system around
the end-to-end vector R, the second moment can be
reduced by pre-averaging to the residual second moment
M2

Res of a slow and more isotropic motion (motional
averaging). It can be written by using the addition
theorem of the Legendre polynomials after averaging
about the projection angle on the R-B0 plane:

Here θ is the angle between the interaction vector r and
the end-to-end vector R and γ is the angle between R
and B0. The time average (P2(cosθ)) can be separated
from the spatial mean value.

The preaveraging factor is inversly proportional to the
number n of statistical segmentssoften called the
“Kuhn statistical segment”sconsisting of about 5-10
backbone bonds13 and with a factor K depending on the
geometry of the molecule. Because of the isotropic state
of the network and for a time scale which is long in
relation to the segmental motion but short in relation
to the motion of the end-to-end-vector, we can use the
approximation eq 18 for the averaging of 〈(P2(cosγ))2〉
yielding 1/5 too. The residual second moment of the
dipolar interaction (general case) is then

The model used for analysis of the magnetization decays
(measured by standard Hahn spin echo sequence) was
already described in detail in previous papers.16,38-41

Hence, we will summarize here only the most important
aspects. The rapid anisotropic segmental motion of the
network chains described by a number n of freely
rotating statistical segments7,33,36 leads to an nonzero
average of the proton dipolar interaction. The decay of
the transverse proton NMR magnetization of the net-
work chain is described by

Here, A is the fraction of network chains in the system,
T2 is the transversal relaxation time related to the fast
local motion, and τs is the slow relaxation time for large
scale rearrangements. It is convenient34 to introduce a
parameter to describe the anisotropy of the rapid
motion. This is defined as the ratio q ) M2

Res/M2
rl. With

eq 21, one obtaines for the anisotropy parameter

The factor K, depending on the geometry of the mol-
ecule, takes the value 3/5 in the case of a Gaussian chain
and a direction of the dipolar interaction vector parallel
to the chain. However, we note that the geometry factor
in natural rubber (NR) or other elastomers with vinyl

or methyl groups is obviously different. In the case of a
normal direction of the dipolar interaction vector, like
it is usually by C-H bonds of methylen or methyl
groups, we must deal with a geometrical factor K ) 3/10
or 3/20, respectively.34

The motion of free sol chains is assumed to be
isotropic (liquidlike) and yields to additionally purely
exponential decay.37,38 Then, by assuming an anisotropic
motion for the inter-cross-link chains and the dangling
free chain ends, the total NMR relaxation is described
by12,16,37-41

The fractions A, B, and C represent the parts of
magnetization of protons in inter-cross-link chains,
dangling ends and sol fraction, respectively. They cor-
respond in a first approximation to the molecular mass
parts. qM2

rl represents the mean residual part of the
second moment of the dipolar interaction in relation to
the physical and chemical constraints. q′M2

rl is the same
as before but much smaller (q′ , q) and was introduced
by Heuert et al.16 as a residual part of the second
moment due to an assumed anisotropic motion of the
dangling chain ends.

By referring to an approach of Scanlan,29 the fraction
A and C of inter-cross-link and sol chains, respectively,
can be related to the Langley trapping factor Te. This
concept is based on a counting of elastically effective
chains by relating it to the gel fraction and the fraction
of chain entanglements that are trapped between two
successive cross-links:

The dependency of the trapping factor Te on the cross-
link density is not specified in Scanlan’s approach eq
25. However, the value Te ) 0 is related to a vanishing
fraction of inter-cross-link chains, and Te ) 1 refers to
the limiting case A ) 1, where all chains are elastically
effective and B ) C ) 0.

Based on Gotlib’s idea34 of the anisotropy parameter
q ) M2

Res/M2
rl, i.e., the ratio between the second

moments well above the glass transition temperature
and that of the rigid lattice, the average molecular mass
of inter-cross-link chains Mc ) n MS can be determined.
MS is the molar mass of a statistical segment. Because
of the influence of physical entanglements in real
networks, the value n that is obtained from eq 23 is not
the true inter-cross-link segmental number but an
effective one. However, the influence of entanglements
is taken into consideration by correcting the value of q
by a net value q0, which is obtained for the un-cross-
linked system. It can also be roughly extrapolated from
the representation of cross-link density over amount of
cross-linker. Then, for the mean molar mass between
two cross-links Mc it follows:

M2
Res ) 〈[ωRes(ϑ)]2〉 ) 9

4
∆2〈(P2(cos θ))2(P2(cos γ))2〉

(19)

M2
Res ) 9

4
∆2(P2(cos θ))2〈(P2(cos γ))2〉 (20)

M2
res ) 9

4
∆2(Kn)21

5
) M2

rl(Kn)2
(21)

MN(t)

MN(0)
)

A‚exp{- t
T2

- M2
Resτs

2[exp(- t
τs

) + t
τs

- 1]} (22)

q ) M2
Res/M2

rl ) (K/n)2 (23)

M(t)
M(0)

)

A exp{- t
T2

- q‚M2
rl τs

2[exp(- t
τs

) + t
τs

- 1]} +

B exp{- t
T2

- q′ M2
rl τs[exp (- t

τs
) + t

τs
- 1] } +

C exp{- t
T2,sol

} (24)

A ) (3/2xTe(1 - C) - Te/2) (25)
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It has been demonstrated in earlier papers13-16,38-41 that
this method is a simple and fast tool for network
characterization when all experiments are performed
at temperatures well above Tg + 120 K. Good correlation
was obtained between the Mc values estimated from
different methods for moderately cross-linked samples
with Mc < 104 g/mol, while agreement between them
was poor for loosely cross-linked samples with Mc > 104

g/mol.42 Parameters characterizing the network such as
Mc, B, T2, and τs showed a tendency similar to that of
the swelling and mechanical data.

3. Experimental Section
3.1. Sample Preparation. For experimental investigations,

two different series of natural rubber (NR) samples, with high
and low molar masses, were mixed on a roller mill and cross-
linked at 150 °C up to the maximum torque found in vulca-
meter curves. The cross-linking was performed with a variable
amount of sulfur and N-cyclohexylbenzothiazol-2-sulfenamide
(CBS) together with 3 phr (per hundred rubber) ZnO and 2
phr stearinic acid. The ratio between CBS and sulfur was kept
constant for all prepared samples (CBS/sulfur ) 0.18). For the
one type of samples with large initial molar mass an untreated
NR (RSS #1) was chosen. The second series of samples was
prepared with a highly degraded NR (RSS #1) that was
obtained by mechanical treatment of the melt for 30 min on a
cooled roller mill. The characteristic molar mass was estimated
by gel permeation chromatography as Mn ) 249 000 g/mol and
Mw ) 565 000 g/mol in the case of the untreated NR and Mn

) 65 000 g/mol and Mw ) 129 000 g/mol in the case of the
mechanically degraded NR. The polydispersities are given as
Mw/Mn ) 2.27 and 1.98, respectively.

3.2. Mechanical Investigations. Uniaxial stress-strain
measurements were performed on (S2) strip-samples with a
tensile tester (Zwick 1445) up to rupture stress. The stretching
velocity was chosen to be small (10 mm/min) in order to avoid
dynamical contributions to the moduli. This corresponds to a
strain rate of ∂ε/∂t ≈ 4 × 10-3 s-1. Note that even for this
small strain rate the systems are not in full thermodynamic
equilibrium. This can be seen if the tensile test is stopped at
a certain fixed strain and relaxation of the stress is observed.
For a stopover during the up-cycle, the stress decreases
somewhat, and for the down-cycle, it increases, indicating that
the equilibrium stress lies between the up- and down-cycle
data. However, for the case of unfilled rubbers and low strain
rates as above, the observed difference between the up and
down cycles is small, and the equilibrium stress-strain curve
can be well approximated by the up-cycle curve. Furthermore,
in view of a minimization of dynamic contributions and to
suppress stress-induced crystallization, all measurements were
performed in a heating chamber at 100 °C. The Young moduli
were measured under the same conditions as above, but with
a highly sensitive force transducer in the strain regime up to
5%, only, where the stress-strain curves are almost linear.

Under the above conditions the measured quasi-static
stress-strain curves up to rupture are well suited for an
experimental test of the tube model based on equilibrium
statistical mechanics as considered in the theoretical section
2.1. We note that long time relaxation phenomena of polymer
networks, as observed in stress relaxation- and creep experi-
ments, are not completely included in the proposed theory of
rubber elasticity. For the discussion of long time relaxation
caused by topological constraint release effects compare, e.g.,
the paper of Heinrich and Vilgis46 and references therein.

3.3. Proton NMR Relaxation. All experiments were
carried out on a Varian Unity 400 widebore spectrometer. The
measurement of the transverse relaxation was performed
using standard Hahn echo sequence operating at 400 MHz for
protons to eliminate the influence of magnetic field inhomo-

geneities and of chemical shift on the transverse decay, while
the dipolar interaction is not affected. All relaxation measure-
ments were performed at T ) 60 °C, for which the condition T
) Tg + 120 K (Tg is the glass transition temperature) is
fulfilled, approximately. A signal-to-noise ratio of 1000 to
10 000 is necessary to analyze the relaxation curves by using
a model with a large number of parameters. A least-squares
fit based on Levenberg-Marquardt algorithm was used to
approximate the theoretical to the experimental decay.

3.4. Equilibrium Swelling. Swelling experiments of the
two series of NR-samples were performed at room temperature
in toluene up to equilibrium. The effective chain density
νc(chem) was estimated by assuming phantom like chains and
applying the Flory-Rehner equation.43

4. Results and Discussion

In view of an experimental test of the proposed models
of rubber elasticity and transversal relaxation of poly-
mer networks, the predictions of network parameters
from mechanical, NMR relaxation, and equilibrium
swelling data are compared. Figures 1a and 2a show
uniaxial stress-strain data of the untreated high molar
mass NR samples (Mn ) 249 000) and the mechanically
treated low molar mass NR samples (Mn ) 65 000),
respectively. The data were obtained for different
amounts of cross-linker (sulfur/CBS), as indicated. The
solid lines are fitted according to eq 15. The correlation
coefficient of the fittings is large in all cases (R2 >
0.999). The development of the three fitting parameters
Gc, Ge, and ne/Te with increasing amount of cross-linker

Mc ) K
xq - xq0

Ms (26)

Figure 1. Uniaxial stress-strain analysis of variously cross-
linked, untreated NR-networks with high initial molar mass
(Mn ) 249 000 g/mol). (a) Stress-strain data (symbols) and
fittings (solid lines) according to eq 15. (b) Evaluation of fitting
parameters with cross-linker concentration. The solid lines
serve as guide for the eyes. The dashed line corresponds to
eqs 6 and 10′ with Te ) 1.
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is shown in Figures 1b and 2b, respectively. Obviously,
starting from a gel point (GP) at cross-linker concentra-
tions of about 0.25 and 0.6 phr, respectively, both moduli
Gc and Ge increase while the finite extensibility param-
eter ne/Te decreases. The topological constraint modulus
Ge increases first and then approaches a plateau value
located between 0.2 and 0.3 MPa in both cases. This
plateau value is governed by the constant entanglement
density of the rubber. From eq 7 we expect this plateau
value to equal almost half of the viscoelastic plateau
modulus GN

o ) 4/5νekBT ≈ 0.46 MPa of the NR melt

evaluated at 100 °C.44,45 The obtained plateau value of
Ge is in fair agreement with this expectation.

The behavior of the cross-link modulus Gc given by
eq 6 can be understood if the form of eq 10′ for νmech is
assumed. Therewith, the maximum entanglement con-
tribution νeAe/Ac corresponding to Te ) 1 can be
evaluated if the limiting slope of Gc is extrapolated to
the gel point GP (dashed lines of Figures 1b and 2b).
The deviations of the experimental Gc data from the
limiting dashed lines allow for an estimation of the
trapping factors that increase from Te ) 0 at the gel
points to its limiting values one at high cross-link
concentrations.

The results of this evaluation procedure are sum-
marized in Table 1, where beside the values for νmech
and νc (here denoted νc(mech)), also the trapping factors
Te (here denoted Te(mech)) are listed. They are com-
pared to the swelling results νc(chem) and the NMR
results νc(NMR) and Te(NMR), respectively. The inter-
cross-link chain density νc(NMR) given in Table 1 is
evaluated from the Mc values listed in Table 2 by using
the equation νc(NMR) ) AF/Mc that also involves the
fraction A of inter-cross-link chains. Thereby, a mass
density of F ) 0.9 g/mol has been used. The trapping
factors Te(NMR) are obtained by referring to Scanlan’s29

approach and the NMR results of the inter-cross-link
chain fraction A and the sol fraction C entering eq 25.

Analyzing the data of Table 1, one observes that,
irrespective of sample series, the trapping factors
Te(mech) and Te(NMR), respectively, both increase with
increasing sulfur concentration. The two evaluation
procedures give roughly the same results, but system-
atically smaller values are found from the NMR data.
A possible reason for this deviation can be the sol
fraction C in the samples that is not taken into account
in the treatment of the mechanical data. A comparison
of the obtained inter-cross-link chain densities shows
fair agreement between νc(mech), νc(chem), and νc(NMR),
though significant deviations occur in some cases. In
particular, this indicates that the swelling equilibrium
is mainly governed by the cross-links and entanglement
contributions are small (phantom chains). It also con-
firms the influence of entanglements on the NMR
relaxation data as considered in eq 26. In the last two
columns of Table 1, the Young modulus E0, obtained at
very small strains below 5%, is compared to the sum
3(Gc + Ge), evaluated in the whole strain regime up to

Figure 2. Uniaxial stress-strain analysis of variously cross-
linked, mechanically treated NR-networks with low initial
molar mass (Mn ) 65 000 g/mol). (a) Stress-strain data
(symbols) and fittings (solid lines) according to eq 15. (b)
Evaluation of fitting parameters with sulfur concentration. The
solid lines serve as guide for the eyes. The dashed line
corresponds to eqs 6 and 10′ with Te ) 1.

Table 1. Network Parameters from Uniaxial Stress-Strain, Swelling, and NMR Analysis of Sulfur-Cured NR-Networks
of Various Cross-Linker Concentrations and Initial Molar Massesa

sample
sulfur
[phr]b

νmech [10-5

mol/cm3]
νc(mech) [10-5

mol/cm3]
νc(chem) [10-5

mol/cm3]
νc(NMR) [10-5

mol/cm3] Te(mech) Te(NMR) E0 [MPa]
3(Gc + Ge)

[MPa]

H1 0.4 6.0 1.9 3.7 2.6 0.36 0.24 0.86 0.53
H2 0.6 10.8 3.8 6.6 5.3 0.61 0.43 0.97 1.12
H3 0.8 14.1 6.2 8.8 6.3 0.69 0.52 1.13 1.17
H4 1.0 19.3 9.2 10.5 10.1 0.89 0.63 1.30 1.42
H5 1.4 25.0 13.9 13.8 11.5 0.97 0.70 1.69 1.92
H6 1.7 28.0 17.1 16.2 19.0 0.96 0.84 1.76 1.86
H7 2.0 34.0 21.0 18.3 17.5 1.14 0.84 2.12 2.31
H8 2.4 35.5 25.4 21.0 21.2 0.88 0.87 2.29 2.47
L1 0.8 8.0 1.8 4.5 2.3 0.52 0.41 0.67 0.50
L2 1.0 13.5 3.6 6.8 4.9 0.83 0.51 0.86 0.84
L3 1.4 18.4 7.0 10.3 7.8 0.95 0.64 1.25 1.41
L4 1.7 20.9 9.4 12.8 12.5 0.96 0.75 1.43 1.83
L5 2.1 25.1 12.8 16.0 14.1 1.03 1.15 1.78 2.13
L6 2.5 27.9 16.5 19.1 16.7 0.98 0.80 2.01 2.28

a H1-H8: Mn ) 249 000 g/mol. L1-L6: Mn ) 65 000 g/mol. b phr: per hundred rubber.
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very large strains (Figures 1a and 2a). It becomes
obvious that the prediction of eq 16 is quite well fulfilled,
confirming the applied non-Gaussian tube model of
rubber elasticity.

In Figure 3, the proton decays of transversal magne-
tization obtained by a Hahn-spin echo pulse sequence
are plotted for static samples under investigation at 60
°C (approximately Tg + 120 K). The smallest echo time
in this experiments was 80 µs and this leads to a partial
loss of a few data points (up to four data points under
current experimental conditions) in the initial part of
the decay governed by the proton-proton dipolar cou-
pling. However, no magnetization decay can be fitted
by a single relaxation decay. For analyzing the decays
we have applied a relaxation function which is widely
and successfully exploited in rubbery materials. This
function takes the form of eq 24, where A, B, and C
correspond to the fractions of the Gauss-like relaxation
(arising from the inter-cross-linked chains and dangling
chain ends) and one pure exponential (liquidlike) frac-
tion due to free chains.

By using this function, eq 24, the magnetization
decays in Figure 3 are well fitted in each case for the
sample series H without previous mechanical treatment

on a laboratory mill (Mn ) 249 000). For the sample
series L with mechanical treatment before cross-linking
(Mn ) 65 000) the τs was assumed to be static during
the experimental window to get a better fit. All NMR
fitting parameters are summarized in Table 2. The Mc
values are evaluated from eq 26 by assuming a seg-
mental mass of the NR chains Ms ) 85 g/mol.44,45 The
residual parts of the magnetic moment due to an
anisotropic motion of the un-cross-linked rubbers were
measured as qoM2 ) 0.27 (ms)-2 for the sample series
H and qoM2 ) 0.23 (ms)-2 for the series L, respectively.
The anisotropy parameters are then evaluated with the
van Vleck second moment M2(NR) ) 0.86 × 104

(ms)-2.13,16,39

As shown in Figure 4 the decays of the transversal
magnetization for the samples of low and high initial
molar masses (with and without mechanical treatment)
with the same amount of sulfur/CBS are very similar
up to 2 ms echo time, but show a different long time
behavior due to differences in the relaxation times.
These differences are even more pronounced in the un-
cross-linked samples. The magnetization of the un-
treated rubber is decaying much more slowly at longer
echo times, and the Gaussian-like shape at the begin-
ning is more clearly visible. There is no significant
difference in the residual second moment qoM2 of the
both un-cross-linked samples (see above). However, the
fractions of hindered, entangled chains A and dangling
chain ends B are changing with the duration of the
mechanical treatment (30 min). Fraction A is decreasing
and fraction B is increasing in agreement with the
observed reduction of the precursor chain length. The
relaxation time T2 decreases a little bit for the low
molecular weight, milled rubber.

On the contrary, important differences may be ob-
served comparing cross-linked networks with increasing
amount of the cross-linking agent (Table 2). The residual
second moment qM2 is raising with the sulfur/CBS
content resulting in higher cross-link density or a
smaller mean molecular mass between two knots Mc (eq
26). As fraction A of the inter-cross-linked chains
increases, fraction B of the dangling ends is decreasing.
For the networks with the high initial molar mass the
relaxation time T2 is decreasing from 12 to 2.6 ms with
the cross-linker from 0.4 to 2.4 phr sulfur. The relax-
ation time T2

sol and the fraction C of the free chains
show a relatively constant behavior, the corresponding
parameters are on the order of 13 ms and 3%. The

Table 2. Fitting Parameters Obtained with K ) 3/10 from the Proton NMR Relaxation Analysis of Sulfur-Cured
NR-Networks of Various Cross-Linker Concentrations and Initial Molar Massesa

sample
sulfur
[phr]b

T2
[ms]

T2
sol

[ms]
τs

[ms] q′/q
A

[%]
B

[%]
C

[%]
qM2

[(ms)-2]
Mc

[g/mol]

H1 0.4 12.1 9.7 7.8 0.225 57.6 36.6 5.8 0.402 19 900
H2 0.6 10.6 12.0 3.1 0.245 74.0 23.0 3.0 0.496 12 500
H3 0.8 7.3 12.6 7.2 0.166 79.3 18.0 2.7 0.521 11 400
H4 1.0 8.3 11.8 3.9 0.187 84.4 12.9 2.7 0.692 7500
H5 1.4 4.4 11.3 49.1 0.120 87.1 10.2 2.7 0.748 6800
H6 1.7 5.4 15.2 1.7 0.115 93.0 5.3 1.7 1.112 4400
H7 2.0 3.2 16.1 5.8 0.040 93.1 5.1 1.8 1.025 4800
H8 2.4 2.6 15.8 4.0 0.007 94.1 4.3 1.6 1.234 4000
L1 0.8 5.3 5.1 - 0.21 54.3 23.5 22.2 0.351 21 000
L2 1.0 5.9 5.2 - 0.18 65.5 19.3 15.2 0.457 12 000
L3 1.4 4.1 4.4 - 0.22 71.4 14.7 13.9 0.590 8200
L4 1.7 4.4 4.3 - 0.18 79.0 10.7 10.3 0.798 5700
L5 2.1 2.8 3.8 - 0.02 87.7 2.6 9.7 0.807 5600
L6 2.5 2.3 4.6 - 0.06 87.4 7.6 5.0 0.959 4700

a H1-H8: Mn ) 249 000 g/mol. L1-L6: Mn ) 65 000 g/mol. b phr: per hundred rubber.

Figure 3. Proton Hahn echo decays for NR-networks with
increasing amount of sulfur (S) as cross-linker (from 0.4 phr
to 3 phr) prepared from the untreated natural rubber (NR)
(Mn ) 249 000 g/mol). The ratio between accelerator and sulfur
was kept constant at [CBS]/[S] ) 0.18 for all samples under
study. The transversal magnetization decays were measured
at 60 °C and at a proton Larmor frequency of 400 MHz: (9)
0.4 phr S; (b) 0.6 phr S; (2) 0.8 phr S; (1) 1.0 phr S; ([) 1.4
phr S; (+) 1.7 phr S; (0) 2.0 phr S; (/) 2.4 phr S; (O) 2.7 phr S.
The lines serve as a guide for the eyes only.
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values of τs show no clear trend, but in contrast to the
networks built from the treated rubber, this parameter
is needed to get a qualitatively good fit, which indicates
a better overall mobility over the whole range. The
parameter q′/q is observed to be going down with the
amount of cross-linker. That means an anisotropy of the
dangling ends is less important at higher cross-link
densities.

The networks built from the rubber with the low
initial molar mass show the same general trends (Table
2). The main differences are observed in the behavior
of the fraction C, which is much larger and decreasing

from 22% down to 5%. The relaxation time T2
sol is

smaller by a factor of 2-3 (about 5 ms) than that for
the corresponding untreated networks and more or less
constant. Additionally, the relaxation time T2 decreases
from about 6 to 2 ms, but again this is smaller than for
the untreated samples. The smaller relaxation times of
these components indicate the dramatic changes in the
line width of the static proton and carbon spectra shown
in Figure 5. The fraction of the dangling ends B,
however, is a little bit larger compared to the untreated
networks, the fraction A of inter-cross-linked chains is
smaller. The same is valid for the parameter qM2,

Figure 4. Comparison of the corresponding samples before (Mn ) 249 000 g/mol) and after mechanical treatment (Mn ) 65 000
g/mol): (a) un-cross-linked NR samples; (b) cross-linked NR networks with 0.8 phr sulfur (S) and [CBS]/[S] ) 0.18 prepared from
NR with (O) Mn ) 249 000 g/mol and (9) Mn ) 65 000 g/mol, respectively. The lines are fitted curves from the model (eq 24).

Figure 5. Static 13C (top) and 1H (bottom) spectra of the networks with different amount of cross-linker (0.6, 1.7, and 3 or 2.5
phr S, respectively) for the two networks series prepared from NR with Mn ) 249 000 g/mol (left) and Mn ) 65 000 g/mol (right),
respectively.
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resulting in less cross-linked networks (higher Mc
values) by using the same amount of cross-linking agent.
This is in good agreement with the results from the
mechanical analysis.

5. Conclusions
It has been shown that the initial chain length before

cross-linking and the sulfur/accelerator amount have a
pronounced effect on the quasi-static mechanical prop-
erties and the chain dynamics of natural rubber samples.
The network parameters evaluated from three different
experimental techniques, uniaxial stress-strain, swell-
ing, and NMR analysis, show fair agreement for the
investigated sample series. In particular:

(i) The density of inter-cross-link chains νc is found
to increase almost linear with the amount of sulfur if a
critical concentration, referring to the gel point, is
exceeded (Table 1). The T2 time decreases with rising
cross-linking density and is generally smaller for the
mechanically degraded systems (Table 2).

(ii) For the mechanically degraded samples with low
initial chain length the gel point is shifted to higher
sulfur concentrations (≈0.6 phr) as compared to the
untreated samples (≈0.25 phr) (Figures 1 and 2).

(iii) The cross-link efficiency (number of cross-links
formed per unit of sulfur) is somewhat reduced for the
mechanically degraded systems (slope of the dashed
lines in Figures 1 and 2). In agreement with this, the
amount of inter-cross-link chains A increases less
rapidly with sulfur amount for the mechanically de-
graded samples and the fraction of free chains C is
generally larger (Table 2).

(iv) The trapping factor of entanglements Te increases
successively with the amount of sulfur. It shows a weak
dependency on initial chain length, only. For moderate
sulfur amounts just above the gel point, it increases
somewhat faster for the mechanically degraded systems
(Table 1).

(v) The proposed tube model with nonaffine tube
deformations allows for a reasonable description of
quasi-static stress-strain data up to large strains. The
predicted dependency of the Young modulus (eq 16) on
cross-link and entanglement density is confirmed by the
experimental data (Table 1).
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